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Abstract
This thesis presents the methods of calculating integrals that are approximate, but
the calculation of their value is quite complicated.
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When constructing mathematical models of life problems, in most cases, it is important to know
the approximate value of the solution closest to this solution, rather than finding the exact value
or values of the problem solution. This thesis considers the issue of approximate calculation of
integrals depending on the parameter or asymptotic estimation of the parameter, which plays
an important role in solving this type of problems.

In mathematics, an analytic function is a function that is locally given by a convergent power
series.

First, we present the following theorem:

Theorem. If every term of the series Y.,—; u, (x) is continuous in the segment [a, b], and this
series is uniformly convergent in this segment and S(x) is a sum of series, then the following
equality holds:

[ SGey dx = iy f;, un () dx.

Let the following integral depending on parameters p and q be given:

b
®(p,q) = [, f(x,p) - g(x,q) dx (1)
Let us assume that the functions f (x, p), g(x, q) are analytic in some interval (—p, p), and this
condition (a, b) c (—p, p) is hold. Then the following equations hold for Vxe(a, b):
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Using these equations and the above theorem, we can write integral (1) in the following form:

b [o'e) [0 b
(0, (0,
*p.0) =f . (n! p)'xn'g(x,q)dxzzf (n! p)fg(x,q)'x"dx,
a n=0 n=0 a
b o0 [0 b
(0, (0,
q’(P.Q):fzg (n! q)-x"-f(x,p)dxzzg (n! q)Jf(x,p)-x”dx.
a n=0 n=0 a

n(o,p) "(0,9) . . .
Here L —= and 2= are the Taylor coefficients of the functions f(x,p) and g(x,q),
respectively.

For convenience, we choose one of the integrals ff x"f(x,p)dxand ff x"g(x,q) dx insuch
a way that to calculate the chosen integral be easy. Suppose that the equality f: x"f(x,p)dx =

Y(n,p) is hold, then

b b o

(0,
ff(x,p)-g<x,q>dx= fzg ©.9) ot p) dx =
a a n=0

n!

) b ©
(0, n(o,
=S TR [fapy war=y Ty,
n=0 a n=0

n n

If we choose n < n, in this equation, we arrive at the following approximate equation:

9"(0,q)
n!

b No
[rep-gmayax =Y 2L
a n=0

It is known that the larger the number n, can be, the closer the found value is to the value of
the given integral.

Some methods of calculating integrals depending on parameter are given below:

Problem 1. Evaluate the value of the following integral: I(r) = fonemr'c"sx dx.

Solution. First, we split this integral into two integrals, and then get the substitution:
— T[ -

=t+-
* 2
dx = dt

@MT"COSX ]y — T —
X==—-t=
2

s
b3 2
I(r) :femr-cosx dx :femr-cosx dx +
0 0

NM&__\§

, s
X=m->t==
i 2
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Vi

2
gmr-cosx dx+fe—mr-sinx dx

0
We can substitute in the integrals on the right side of the last equality:

. mr cos t+
emr cosXx dx +

Il
o — uia
O"nwlﬁ
\NI:

emrt

V1 —t?

2 1
f e eosX dx = [cosx = t] = f dt,
0 0

LA
2 1 1

] e~mrz e—mrt
fe‘mr's””‘ dx = [sinx = z] = f dz = f dt.
0 0 0

Then,

Now we use this expansion: e* = ).°_,—. Then we arrive at the following equality:

3 g (mrt)”+( mrt)"
I(r)—of( 1—tzz )

It is known that in the sum on the right side of the above equation, the odd-numbered terms
become zero. So,

1w - 1 t?=x
=2 (RPN e il e LS C
— 20! -V1 —t2 —~ (2n)! ) V1 —¢2 _ 1
=0 n=0 0 dt 2\/_dx
x
e 1 0 1
(mr)?" x" 1 (mr)? 1 _1
=2 T dx = fx 2-(1—x) 2dx.
— (2n)! ) (1-x)2 2vx ] (2n)! .

The integral on the right side of the resulting equation can be calculated using the beta function:
1 1
o = z( D (e ) - & ury T(n+3) T(3)
’ (2n)! L @n)! F(n+1)

2'2
2 on2n | m(2n — D! < mznrznn
m 2l 20! - L2

Therefore,
mZnTZnT[

0= L e

n=0
Problem 2. Evaluate the value of the following integral: 1(b) = f0+°° e~% cos bx dx.
37| Page




American Journal of Interdisciplinary Research and Development
ISSN Online: 2771-8948

Website: www.ajird.journalspark.org

Volume 11, Dec., 2022

Solution.
It is known that the given integral depending on the parameter is uniformly convergent
according to the comparison property. So, the sign of integral can be replaced by the sign of

sum. To calculate the value of this integral, we use the following Taylor expansion: cos bx =
(=1)"(bx)?"

Z?f:o W In that case,
+o0o © +oo
1(b) =f p-ax? (—1)"(bx)2" f 2 (FDR ()7 (GO
0 n=0 00
ax?=t
t o) 5 +o0 2n
X = |— (_1)nb n , ¢ 1
= a = —f e - ( )dt =
1 —  (2n)! ) al \2vat
dx = dt
: 2+at
©o +o00
(=D"p*" f S G ( 1)
- 1 - - 71 n—+—| =
n=02(2n)! an+7 g 2(211)' av2 2
1 (D (@2n- 1)u fZ Comn 1 \/ﬁ © iy
2 n=02(2n)! an% 2n - (2n)lla® 2 als Angn -l

So, the following equality is hold for the glven mtegral

w-1 3 ()]

It is not difficult to know that the right S|de of this equation is the Taylor expansion of the

b2
function f(b) = e 2a. So the value of the given integral is equal to:
+ oo (o)
1 [T~ (=1)"bp?" 1Jﬁ b2
— —ax? —_ |Z I “4q
u(b) J e cos bx dx 2\/; 04"a"-n! A
0 n=

Problem 3. Evaluate the value of the following integral: fobf(x) (b —x)*dx.

Here, « > —1 and f(x) is an analytic function.

Solution.

Since a > —1 and f(x) is an analytic function in the given integral, the integral depending on
this parameter is convergent (Abel's sign). Also, the function f(x) can be expanded into a
power series. Thus

o)

fG) =

n=1

here a,, — coefficients of extension. Then
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fbf(x)(b—x)“dx=fia:;cn(b—x)“dx=§%fx"(b—x)adx=
0 0 n=1 n=0 o

1) 1 © 1
_ a a bn+a+1
_ dx = bdt :Z_nfbntn(b_bt)abdt:zn—ftn(l_t)adt:
x=b-ot= n! n!
v = 0 N t _ n=1 0 n=1 0
~ © a, b+ i bn+a+1 ['(n +1) - T'(a + 1)
n= n=1

o

anbn+a+1 . ar(a)

~ nm+a+2)(n+a)F(n+a)

Problem 4. Evaluate the value of the following integral: I(a) = fol V1 — x sin ax dx.

Solution. To calculate this integral, we use the following Taylor expansion:
(_1)na2n+1 x2n+1 Th
. Then,

. — (o)
Sin @x = Ynzy (2n+1)!

( 1)1’1 2n+1 21’l+1

CniDr ViTxdx=

1 1 o
I(a)=f\/1—x-sinaxdx=fz
0 0 n=0

o (_1)na2n+1 !

1 (_1)na2n+1
2n+1 1-— x)f dx = > 7

. f X
— 2n+ 1)! ) ~

3
2n+ 1)! 'B<2"+ Z'E) -

1) (_1)na2n+1 - F(ZTL + 2) T (%) 0 ( 1)n 2n+1 . (zn + 1)] %
o @t Db r(n %) & @ADL ((2-@n+2)uvE)

22n+2

© (=1)" - @2+t 22n+2 Z( 1)11 2n+1

22n+1 Tl'
n=0

Problem 5. Evaluate the value of the following integral: I(a) = fol X% dx.

Solution.
To calculate this integral, we first get the following substitution:
1 x=e? +00
dx = —e%dé¢ I
— ax — — . ae
I(a)—fx dx_x—>0 f_)oo—fe e dé.
0 x—>1&-01 °

Now we use the following Taylor expansion: e ™ = },7°_ 0 Then

n!
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+1 n=0 0
N D ny- (—1)"a” o (=DM tan
Zn'(n+ 1)"“[ yre vy = an (n+ 1)n+11“(n+ D= ;T

Thus, following equallty is holds for given mtegral.

In particular, fl x*dx = Z;‘{;l

© —1 n-1,n

fora—l andf —dx—Zn 1 nfora—l

Problem 6. Evaluate the value of the followmg integral: Y(a) = f+°°e‘“" +X sin x.
It is known that the given integral depending on the parameter is uniformly

convergent for a > 0 according to the comparison property. So, the sign of integral can be
replaced by the sign of sum. To calculate the value of this integral, we use the following Taylor

Solution.

expansion: e* sinx = ;7

[ee]
—ax? E

+ o0

w(a)=j e

0
ax

dx =

e

Probem 7. Evaluate the value of the following integral:

Solution.

2=¢

x__
a

1
Zfa

n=0

22 sm—

n+1
n=o nla 2

d§

n
= . N
22 sin—

4 .

x™. In that case,

n n .
22 sin%r ®22 sinriTﬂ+ .
xtdx = e M - x"dx =
n! z n! f
n=0 0
n 1)
=22 sin%Jr & % 1
n! et (_) . a5 =
n=0 ' 0 a 2 fa
n
. 15 2Zsin - m+ 1
£ de=5) —rT()
n=0 n'a 2
400 g%
1(8) = | e dx.

It is known that the given integral depending on the parameter is uniformly
convergent according to the comparison property. So, the sign of integral can be replaced by
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the sign of sum. To calculate the value of this integral, we use the following Taylor expansion:
= Yieo(=1)"B"x™. In that case,

1+Bx
+o e ax =¢
1(B) =Of e ax. Z( D™ x"dx = Z( 1)",[)’"! x"eT ¥ dx = [dx =%‘ =
—nrpr ng- GV (—1)"p"n!
nZ o f pre~?dep = Z e F("+1)=;W-
Thus,
IR G a0
1(p) = n:()W.

Problem 8. Evaluate the value of the following integral: f0+°° e~ sin Bx? dx, here p > 0,
q>—1.

Solution. It is known that the given integral depending on the parameter is uniformly
convergent for a > 0 according to the comparison property. So, the sign of integral can be

replaced by the sign of sum. To calculate the value of this integral, we use the following Taylor

(_ 1)n—1x2n—

1
expansion: sinx = Y7 . In that case,

(2n-1)!
+00 +00 00
el a4 P (_1)n—1’32n—1xq(2n—1) p
j e sin fx x—j e 2n=1D! x =
0 0 n=1
axP =¢

) +0oo
-1p2n-1
— (_1)n ﬁ n e_axpxq(z-n—l) dx —
(2n—1)!

n=1 0 1_1

dx:fp

=
[l
. =
‘ ST
—_
1]

T dS

p-ar

+00
(- 1pn-1) .. a@n-D+1
q(2n—1)+1f et¢ P dx =
n=1(2n — 1)!-pa p 0

_ - (—)ripenn F(q(Zn—1)+1>'

q(2n—-1)+1 p
n=1(2n — 1) pa p

Inthiscase, ifa = 1,8 = 1,p = 2,q = 4, we get the following equation:
+00
(—1n-tp2n-t (4(271 -1+ 1) B

—x2 i a4 —
.[ e ™ sinx*dx = aGn-D1D >
0 n=1(2n — 1)! 2a 2
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(-pripnt <(4 _2)+2> ()"t (2(4n-2) - DIV

3 4n—-2
m=1202n—1Dla* 2 2
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3
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Problem 9. Evaluate the value of the following integral: 1(p) = fo i

Solution. It is known that the given integral depending on the parameter is uniformly
convergent for a > 0 according to the comparison property. So, the sign of integral can be

replaced by the sign of sum. To calculate the value of this integral, we use the following Taylor

. 1 n +1
expansion; ——— = —Z°° xsin(n+1)¢

x2+bx+c sin ¢ !
here ¢ = —arctan /b—g - 1.
e —axP +oo XN Nl +e
j _  ix= f gax? Z ¥'sin(n+ D$ _ 12 sin(n + D¢ e Py dy
x?>+bx+c c-sin¢g c sin ¢
0 0 n=0 n=0 0
axP =¢&
_7 i © +00 n 1,
*= N\Z Isin(n+ D¢ (0 g\ 8P
1, C & sin ¢ >
fp n=0 0 pa
dx = T dé
pap
oo +0o oo
1 sin(n+1 nti_ 1 sin(n+1 n+1
= E1+1 )0 f e7ts P df == El+1 )0 F( )
c —_ . c —_—— . p
n=0p-a P -sin¢go n=0p-a P -sin¢

Problem 10. Evaluate the value of the following integral: E(k) = fOE 1 —k?sin? ¢ dop.
Solution. To evaluate this integral, we use the following Taylor expansion
VI—x=1-yz 2 mn

2nn!
In that case,

T[

E(k)—f JT—kZsin? g dop = f (1- Z((Zzn_n,)”) K2sin? p)" dp =

i s
2

T @3k - @n-1D! ©
=5 - Z S Jsm2 pdp = Jsm2 pdp = —aon =

n=1 0 0
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T o @n-3)NKT @n-DI @ > ((2n— DI Je2n

25_2 2nnl el 2 E(l_;( n! >'22n(2n—1)>=
o ((2n— 1D k2

(1_;< ! ) '(2n—1)>'

- in the given integral, the following equality is holds:

1 K > ((2n— DN 1
,’1_?‘“2"‘1’6_5(1_;( 2n)! ) '22n(2n—1)>'

Problem 11. Evaluate the value of the Bessel function: I(x) = %f: cos(x - sin ¢) d¢.
Solution. To evaluate this integral, we use the following Taylor expansion

If we take

=~
O%NI:.NIIH

o ((_1)nx2n)
COS X = Z‘n=0 W
In that case,
b4 T oo

1f (=1D)™(x - sin )"

(2n)! ¢ =

1
I(x) = —f cos(x -sing) d¢ =
( 1)n 2n T
— sin?" ¢ d¢
Z (2n)! Of

_1Igm sz n2 ¢ dep + — Z(_ )'x Zanmznqbdqb.
) x

S

0o n=0

mli  (2n)! (2n)!
- 7
In the second integral on the right side of the last equality, we can define it as ¢ = §+ Y. In

that case,
o 7 7
1 (_1)nx2n . ( 1)n 2n .,
10 =23 | s oo+ Z G| o5 vav =
= 0 0

71'

2 had ( )n 2n 2 , ( 1)n 2n (Zn—l)” T
‘;Z (2n)! Jsmz i = nnzo GmlGor 2

[o9)

(- 1)"x2"_(2n—1)!!_ o (—D)™ (20— N
(2n)! O . (2n)! 2" - nl

n=0 n=

43| Page




American Journal of Interdisciplinary Research and Development
ISSN Online: 2771-8948

Website: www.ajird.journalspark.org

Volume 11, Dec., 2022

Similar expansions can be successfully used to approximate integrals that cannot be expressed
in finite form and to compile tables of their values.
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